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Abstract

Euler sums, namely infinite series involving the harmonic function H, =1+4+1/2+1/3+---+1/k,
have been studied for centuries, as they arise in numerous contexts. In two previous studies by
the present authors, methods were presented for the closed-form evaluation of certain classes of
Euler sums. This research relied heavily on very high-precision numerical computations, which,
when coupled with an integer relation algorithm, often produced interesting closed-form evaluations
(although the resulting formulas must still be proved analytically).

In this paper, we present a simple scheme for accelerating one key step of these computations,
which involves the computation of high-order, high-precision derivatives. In initial tests, we find this
scheme is comparable to commonly-used symbolic methods, and in fact is much faster on difficult,
high-degree problems of research interest. As a major plus, it leads to a self-contained numerical
approach for the high-precision computation of Euler sums that does not require symbolic processing.

1 Introduction

An Euler sum (also termed Fuler-Zagier sum or merely harmonic sum) is an infinite series involving the
harmonic function H, = H(k) =1+1/241/3 +--- 4+ 1/k. Such sums arise in mathematical physics,
in the study of the Riemann hypothesis and in numerous other contexts. They have been studied since
Euler, and more recently in [1, 2, 4, 9, 10, 11, 13, 17, 18]. One notable feature of these sums is that many
have surprisingly elegant analytic evaluations, for example (here {(-) is the Riemannn zeta function):
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In one earlier study [8], we presented results for mixed-denominator Euler sums of the form
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for nonnegative integers m and (n;), with m > 1 and ng +ny + --- +ny > 2. In a more recent
study, we presented a scheme based on complex residues that leads to closed-form evaluations for a wide
class of Euler sums, including the following: For integers m,n > 1,ged(m,n) = 1,p > 2, and with

Y(k,z) = ™) (z) denoting the polygamma function,
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In spite of these results, it is clear that a large class of Euler sums, as well as countless other infinite
series of this general type, still remain unexplored. For example, no closed-form evaluations are currently
known for these general classes of sums:
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for positive integers m > 3,gcd(m,n) =1 and p > 2 (except for a few isolated instances).

2 Computing Euler sums to high precision

In our earlier research on Euler sums, the present authors have relied heavily on high-precision numeri-
cal computations, which, when coupled with an integer relation algorithm [7], often produce interesting
closed-form evaluations. Formula (3) above, among many others, was found in this way. Such experi-
mental discoveries must still be proved analytically, but numerical discovery is an important first step.

Here we briefly review the computational techniques that we have employed in these investigations,
condensed and adapted from [3]. The key tool here is the Euler-Maclaurin summation formula [3, pg. 285],
which approximates a summation as an integral with high-order corrections (here f(t) is assumed to have
(2s + 2)-th order derivatives on [a, b]):
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where By, is the k-th Bernoulli number [12], D* f(a) is the k-th derivative of f(t) evaluated at t = a, and
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where [-] denotes greatest integer and Bj(+) is the k-th Bernoulli polynomial [12] (note By, = B(0)).
Applying the Euler-Maclaurin summation formula to the harmonic function H(t) = Z;Zl 1/j yields
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where v = 0.5772156649 . .. is Euler’s constant and |Rs(t)| < |Basi2|/((2s + 2)t25%2); see [1] for full
details. In the computations for the present study, we set s = 18, so that H(t) is approximated by
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which approximates H(t) to within roughly ¢ =3® for large t. The expression (7) can be obtained using
Wolfram Mathematica with the command Series [HarmonicNumber [t],{t,Infinity,36}].
Consider now, for nonnegative integers m, n, p, ¢, with ¢ > 2, the Euler sums (for example)
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Let G(t) = H(t)™/(nt + p)?, where H(t) is the complicated approximation given in (7). Using the
Euler-Maclaurin summation formula (4) once again, one can write
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where s = 18, which is accurate to within roughly £=3%. For the tests described below, we set k& = 10%,
so the approximation in the second line of (9) is correct to within roughly 1073%.

Formula (9) leads immediately to a four-step algorithm for high-precision evaluation of Euler sums
of the class (8) (note that the outline here is applicable to a wide range of infinite series):

1. Select d (digits desired for final answer), k (number of terms in first summation), and s (number
of terms in final summation), selected so that (2s + 2)log;y(k) > d. Then use arbitrary precision
software to explicitly evaluate the sum S; = Z§:1 H(5)™/(nj+p)?, using at least d-digit precision.

2. Use an arbitrary precision quadrature facility to numerically evaluate the integral S = |, ,:_il é(t) dt
to d-digit accuracy. We have employed the exp-sinh algorithm, a variation of the tanh-sinh scheme
described in [6, 5].

3. Use arbitrary precision software to evaluate the term S; = %G(k + 1) to d-digit accuracy.

4. Use symbolic math software, such as Mathematica or Maple, to symbolically evaluate the high-
degree derivatives in Sy = Zj’=1 By D¥G(k +1)/(27)!, then numerically evaluate these deriva-
tives to at least d-digit accuracy, then multiply by Bernoulli coefficients and sum as shown to
produce Sy. The set of even Bernoulli coefficients required in this set can be computed by a scheme
described in [5].

The final result is then S = S; + Sy + S3 — S4. This sketch omits numerous details; also, the precision
levels given above may need to be adjusted for certain problems.

In our implementations, we have most often employed software written and maintained by one of us
for Steps 1 through 3 [5], in part because in some cases we have not been able to produce reliable fully
accurate high-precision values for Step 2 (the integral) using Mathematica. In contrast, our software,
which as noted above employs the exp-sinh algorithm, unfailingly produces fully accurate results.

Step 4, however, has required symbolic math software, as noted above, so we have usually employed
Mathematica for this step. Although in most cases Mathematica performs the Step 4 evaluations quite
rapidly, in some cases, especially for Euler sums involving powers of H (k), it can require up to 10 minutes
run time. Also, needing to copy results between Mathematica and our custom software is awkward at
best and introduces the possibility of human error.

This raises the question: Is there some purely numerical scheme to evaluate Step 4, one that does
not require symbolic processing?



3 High-precision evaluation of high-order derivatives

We describe here a scheme to numerically evaluate high-order derivatives of complicated formulas such
as (7) above, which then permits Step 4 in the above algorithm to be rapidly evaluated to high precision,
all without any need for symbolic processing. The approach we present here is embarrassingly simple in
concept, although at first glance it may appear absurdly impractical.

The basis for this calculation is the following well-known formula for the n-th derivative [15]:
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A d-digit approximation can be written as
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where h is chosen to be less than 1/109. However, lurking behind this formula is what at first appears
to be an insuperable numerical difficulty: the function values f(x + kh) must be evaluated, and the
computation performed, using at least (n + 1)d-digit precision, or else the result will be completely
inaccurate.

For example, in the application mentioned above, where we wish to evaluate
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note that with £ = 108 and s = 18 as above, one must compute derivatives of the complicated G function
up to order 35. Thus if one requires a result accurate to 300 digits, then one must employ least 2sd-digit
(10,800-digit) precision. In practice even higher precision is required to fully compensate for round-off
error (our tests employed 2(s 4 2)d = 12, 000-digit arithmetic).

4 Performance results

So how does this admittedly absurd-looking scheme perform? Quite well, actually.

For the runs described in this note, we implemented formulas (11) and (12) basically as written
above. One economization is possible by noting that many function evaluations are repeated with the
same argument. Thus it is best to first compute the set {G(k 4+ 14 jh),0 < j < 2s} to 2(s + 2)d-digit
precision, then access this data as needed. This reduces the run time by roughly a factor of ten. Also,
extra-high precision need only be employed in (11); modest (d-digit) precision suffices for (12).

Table 1 below shows some performance results using this scheme on a set of eight problems. Each of
these series has a known analytic evaluation (items 1-4 are from [9]; items 5-8 are from [3]):
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where in Problem 8, M(2,6) = Y ;2 H(k)?/k®. These problems were each addressed by these three
software systems:
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1. Wolfram Mathematica, with symbolic processing for Step 4.
2. Wolfram Mathematica, with the above numeric scheme for Step 4.

3. MPFUN20-MPFR (employs the GMP and MPFR packages [14] for lower-level operations), with
the numeric scheme for Step 4.

Mathematica Mathematica

(symbolic Step 4) | (numeric Step 4) | MPFUN20-MPFR
Problem | Steps 1-3 | Step 4 | Steps 1-3 | Step 4 | Steps 1-3 | Step 4
1 326.68 0.00 Same as 0.09 56.71 0.01
2 339.75 0.00 | column 2 0.09 57.02 0.01
3 417.65 0.10 0.09 86.17 0.10
4 430.53 0.10 0.09 97.30 0.10
5 421.29 0.10 0.09 86.50 0.10
6 435.65 0.33 0.10 97.90 0.10
7 443.03 6.19 0.15 108.01 0.10
8 460.79 | 29.95 0.11 118.80 0.10

Table 1: CPU times for test runs in seconds (Apple M5 processor)

In looking at these results, it is immediately evident that the numeric scheme is not prohibitively
expensive, as one might expect. Instead, on each platform the CPU time for this step is only a tiny
fraction of the total run time, which is dominated by the cost of Step 1. The Mathematica results are
instructive, as they permit a direct comparison of the symbolic and numeric schemes for Step 4. Although
the numeric method is slower than the symbolic method for the first two relatively easy problems, it is
many times faster on the two most demanding problems (problems 7-8). The MPFUN20-MPFR results
are illustrative of the performance of this scheme on a very fast custom software platform. Here, the
numeric scheme in Step 4 never exceeds 0.10 seconds, which is typically only about 0.1% of the total.

In short, the numeric scheme we have described above for computing high-order derivatives appears
to be both efficient and practical, in spite of its daunting precision requirement. It permits computations
of Euler sums (and virtually any infinite series) to be performed entirely using a noncommercial arbitrary
precision package, without the need of symbolic computation.
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