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Abstract

We present some new formulas for Euler sums involving the harmonic functions H(2k) and H (2k+
1), by exploiting a duplication formula expressing H (2k) in terms of H (k) and a sum over 1/(2k(2k —
1)), combined with some advanced computational techniques. The sums listed involve denominators
consisting of powers of 2k and 2k + 1, with summed powers ranging from 2 to 12. A single example
of the many formulas we have found is:

> % = le (—36¢(2) + 75¢(3) — 721log(2)* — 48Lia(1/2)

—4210g(2)¢(3) + 51¢(4) — 2log(2)" + 1210g(2)%¢(2)) - (1)

One key finding of this study is that for denominator orders 5, 7, 9 and 11, basic sums contain one or
more Nielsen generalized polylogarithm terms, in addition to log and zeta function terms. We also
present some formulas connecting other sums directly related to those evaluated here.

1 Introduction

Euler sums involving the harmonic number function H(k) =14 1/2+1/3 + --- + 1/k, which arise in
contexts as varied as number theory and quantum field theory, have a long history and a rich literature,
old and new, e.g. [6]-[13]. In this paper, we add further elements to this topic, combining the methods of
experimental mathematics with classical analytic techniques. The focus here is on sums containing the
harmonic function H(2k) as the numerator in the summand, with the denominator being of the form
(2k)™ (2k + 1)™2. Results will be presented for denominator orders ranging from 2 to 12. One key
finding of this study is that for m; +mo = 5,7,9, 11 (and, conjecturally, higher odd values), basic Euler
sum formulas, which are used to derive other formulas, involve Nielsen generalized polylogarithm terms,
in addition to log and zeta function terms.

2 Basic formulas and general results
In the following, we will use the the following multiplication formula for H,, = H(n):
” 1

HQn:Hn+;m:Hn+Hl(n). (2)



Expressed in terms of the digamma function, this is:

H1(n) = log(2) + % {1/1 (n + ;) —(n+ 1)] . (3)

An elementary proof of the middle form in (2) is:
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The argument in (4) follows similar lines to that in [6], and leads to the following recurrence relation for

Hi(n): X
: (5)
(2n+2)(2n+1)
This recurrence property is useful in manipulating sums involving #H;(n) by changes to the summation
variable.
Another recurrence relation which is useful in linking analytic forms for sums is.

Hi(n+1) =Hi(n)+

> F(k) _ i F(k) B i F(k) (6)
S (2k)m 2k + 1)me A (2k)™ (2K + 1)l L (2k)m 1 (2K 4+ 1)me
Here F(k) is any function for which the sums in (6) converge and m; > 1, mg > 1 . The relation is
obtained by inserting a factor 2k + 1 — 2k in the numerator of the left-hand side of (6). Further such
relations can be obtained by sequentially using (6) or by replacing the numerator factor by (2k+1—2k)™
with m > min(my, ms).

We divide sums into two classes: basic sums and derived sums. The basic sums will be discussed
first, and consist of the following three in this paper:

ZH(2k) & H(2k) & H(2k)
D @R @ 2 @Rk T (M)

k=1 k=1 k=1

These three are linked, with the first two being connected by Euler’s expression for the sum of H(k)/k",
which can be split into sums over even and odd values of k. This gives for n > 2:

> 1 1 n 1 1S3
;H(Qk) ((2k)" ARCTn 1)”) - (2 * 2n+1> 1) =5 > Cn=a)ila+1). ®)

g=1

The first two basic sums can be determined if the alternating sum over (—1)*H (k)/k" is known, since:

> 1 1 1 > (V=1 (k
,;H(%) ((2k)n - (2k+1)n> - (1 - 2n+1> ((n+1) _Z()kin() (9)

k=1

The alternating sum over (—1)*H(k)/k™ is known for n of even order and can in fact be evaluated

explicitly using a result given by R. Sitaramachandrarao [12]. The result is given as an expression for
H7 in Theorem 3.7:
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where ((s) = (2° — 1){(s) for R(s) > 1.

The explicit expressions for sums of denominator order 2, 3, 4 presented in following sections can
be obtained from the literature cited, the recurrence relation (6) or via high-precision computation with
an integer relation algorithm. Sadly, in the initial research leading to this paper, we found that these
approaches fail for the basic sums of denominator order 5 and for higher odd denominator orders. Our
initial approach then was to use one basic sum as an unknown for each case of odd denominator orders
starting with 5. What we refer to as dot diagrams were developed as a graphical representation of the
procedure followed.

To exhibit the structure of the recurrence solutions for the Euler sums under study for denominators
of order 5 or greater, we show dots with colors depending on the basic sums of odd denominator order
needed. With a basic sum known for denominator orders 5, 7, 9 the recurrence process permits expressions
to be obtained for orders of denominators ranging up to 10, as illustrated in Figure 1 and Figure 2. Note
that the connections between series implicit in the dot diagrams are exact for truncated series, as well
as for series summed to infinity. Also, the sums corresponding to points in diagrams increase in value
moving to the right along horizontal lines. Note that the recurrence relation (6) corresponds to right-
angled triangles: the value at the apex is the value at the right-angle below it less the value at the point
to the left.
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Figure 1: The green dots represent points in the my, mi +ms plane for which the Euler sum has a known
solution in terms of ¢ function values, while for the red dots no solution is known. The green dashed
lines show successful connections via the recurrence relation, while for the red lines there is no successful
connection.

We then found, after some experimentation using in part the recently-released version 15.0 of Wolfram
Mathematica, that full solutions can be obtained for many of these sums, from denominator order 5

onwards, using generalized Nielsen polylogarithms S, ,(2) [14, 15]. For n > 1,p > 0, these are defined as
—1)"+P=t rt (log )" (log(1 — zt))P
Sty = UL [ g0 g =, -
’ (n=1p! Jo t

For some small n,p, these reduce to simple expressions involving logs and the zeta function. A few
examples include Sp2(—1) =log(2)?/2, S12(—1) = ((3)/8 and S5 2(—1) = 72¢(3)/12 — 29¢(5)/32.
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Figure 2: The green dots represent points in the my, m; +ms plane for which the Euler sum has a known
solution, while for m; 4+ ms < 10 there are no longer red dots for which no solution is known. Newly
solved dot points involve the value of the sum H(2k)/((2k)™ (2k 4+ 1)™2) with my = mg = 5 (blue), 7
(orange) and cyan (9).

The Nielsen polylogarithms appearing in this paper all have p = 2. Using results in A002547, A001008
and A002805 [16], we have established the following result:

Snalz) =) (qulﬂzqﬂ. (12)

Then

Sua) =Y T8 -3 1)

q=1 q=1

This can always be expressed analytically in terms of ¢ function values. On the other hand, S, 2(—1)
involves alternating sums which can be split into two contributions:

o H2¢g) & HE2¢-1) & (-1
Sn2(—1) = Z W - Z (2q — 1)1 - Z gtz (14)

g=1 q=1 g=1

The sums of this type in analytic form given below are, for n > 2, restricted to odd values of n.

For a good summary of the properties of these functions, see Kolbig [14]. Kolbig comments that
these generalized polynomials, as needed here, which involve z = —1 and n + p even, are unlikely to be
representable in terms of zeta function values. Note that the representations we give below for sums over
H(2k)/((2k)™(2k + 1)™) can be derived through the use of recurrence relations of the type (6) and are
typically much more compact than results given, say, by Wolfram Mathematica 15.0.



3 Connections between harmonic sums

We suppose we have assembled a complete set of sums over H(2k)/((2k)™ (2k + 1)™2) for denominator
order mq + mg > 2. Then we can obtain from these the complete set of sums involving #; (k) using

1
For values of the second sum on the right-hand side see for example [10].
Using (3), (15) gives
(o) (o) o0
Yk +1/2) — k +1) 1
=2 — 2log(2 16
; (2k)m 2k+ ; 2k)m ( 2k+1) o8 ); ok s 10

The second sum on the right-hand side can be evaluated by downwards recurrence or using Mathematica.
Sums involving the finite sum over reciprocals of odd integers O(n) can be calculated, where

1
O(n) = H(2n) — §H(n) (17)
Hence:
o0 oo 1 o0
kz::l 2k)m 2k+1mz ; 2km1 2k+1 5; 2k)ma ( 2k+1) (18)

4 Computational methods

As mentioned above, one key technique employed in this research is to utilize very high-precision nu-
merical computations, combined with an integer relation algorithm, to experimentally discover formulas,
which then can be proven using more conventional techniques. These computations by themselves do
not constitute formal proof, but if done carefully are very reliable.

Here we briefly summarize these methods; see [9, 5] for more details. A key tool here is the Euler-
Maclaurin summation formula [1, pg. 285], which approximates a summation as an integral with high-
order corrections (here f(t) is assumed to have (2s + 2)-th order derivatives on [a, b]):

/ A+ 51 ZB% - fgz,)y)! DD s . a9

where By, is the k-th Bernoulli number [7], D¥ f(a) is the k-th derivative of f(t) evaluated at t = a, and
Rs(a,b) is a bounded error term. Applying (19) to the harmonic function H(t) = 22:1 1/j yields the
rather complicated approximation H (t):
~ 1 1 1 1 1 1 691 1
H(t) =~ + log(t) + ~ — - - -
()= +los(t) + 3 ~ T3z  Tooit ~ 2500 T 2406 13200 | 3276012 1210
3617 43867 174611 77683 236364091 657931 3392780147

8160016 14364718 | 6600120 276122 | 6552020 1243 | 343012
1723168255201 | 7709321041217 151628697551  26315271553053477373

85932¢30 * 16320¢32 B 12¢34 * 69090840¢36 ’

(20)

which approximates H(t) to within roughly ¢=3® for large t. This can be produced in Mathematica by
typing Series[HarmonicNumber[t], {t,Infinity,36}].



Given an Euler sum such as Y32 | H(2k)/((2k)™(2k+1)"), let G(t) = H(2t)/((2t)™(2t+1)"). Using
the Euler-Maclaurin summation formula (19) once again, one can write

S H(2)) > H(2 :
Z 2J+1) Z(2J) m(25 +1)n > (25)™ (2J+ Z 2J+ n Z

]:1 Jj=1 j=k+1 J:l =k+1
k s N
o 1. BQ-D2J_1G(k+1)
~ + Gt)dt + =G(k+1) — J . , (21
2 @y T * ,,, G0+ 56+ ; ) 2y

where s = 18, which is accurate to within roughly £~3%. In our runs, we set &k = 108 = 100, 000, 000, so
the approximation in the second line of (21) is correct to within roughly 107350,

Formula (21) suggests a four-step process, each performed with a precision of at least 300 digits
(we used the arbitrary precision package [1]): (a) explicitly sum the series to k = 10% terms; (b) use
a numerical quadrature program (we used the exp-sinh algorithm [2]) to compute the definite integral;
(¢) compute the third term (straightforward); and (d) evaluate the last term, using a symbolic package
such as Wolfram Mathematica to evaluate the high-order derivatives of the complicated G (t) function.
The present authors have used this basic process successfully in several previous studies. But the last
step, which must be done symbolically, off-line, with Mathematica, is both awkward and expensive in
computer run time. Is there a better way?

For this study, we employed a new technique, based on the following formula for the n-th derivative:

Df(x)] = lim S (-1 (Z)f(x + kh). (22)

h—0 h™
k=0

A d-digit approximation can be written as

D@~ g S () po i), (28)

k=0

where h is chosen to be less than 1/10%. However, formula (23) hides an extreme numerical difficulty: the
function values f(z + kh) must be evaluated, and the summation performed, using at least (n+ 1)d-digit
precision, or else the result will be completely inaccurate. For the present application, namely evaluating
the last term of formula (21), if one requires derivatives accurate to 300 digits, then one must employ
least 2sd = 10,800 digits in formula (23); in practice even higher precision is required (we employed
12,000 digits). Surprisingly, however, in our tests this absurd-looking scheme is actually very efficient,
many times faster on challenging problems than using Mathematica symbolic processing to evaluate the
high-order derivatives; for details, see [5].

With a 300- or 350-digit value for a given Euler sum in hand, we employed the multipair PSLQ
algorithm [3] to search for integer relations with known constants, thus producing a formula. For example,
for the order-10 formulas presented below in Section 14, the integer relation step employed 300-digit
numerical values of these 35 constants in addition to the numerically-computed sum (these constants
were included based on initial investigations suggesting that they may be involved in the right-hand
sides of order-10 formulas):

¢(2),10g(2), ((3),10g(2)*, Lia(1/2),10g(2)¢ (2), 10g(2)¢ (3), {(4), log(2)", 1og(2)*¢ (2). € (5), ¢ (2)¢(3), ¢ (6),
¢(3)% 84.2(=1),¢(7),¢(2)C(5), C(3)¢(4), ¢(8), ¢ (3)C(5), S6.2(—1), C(9), C(2)¢(7), ¢ (3)¢(6), C(4)¢ (5)
¢(10),¢(3), ¢(7),€(5)*,108(2)¢(9), S5.2(—1), C(11), C(2)¢(9), C(3)(8), C(4)C(7), €(5)¢(6)  (24)

Integer relation detection requires very high precision (at least n - max; log |a;| digits, where n is
the length and a; are the integer coefficients) to produce reliable results. An effective check of numerical
reliability is to note the dynamic range of the entries of the reduced vector at detection. In the computer
runs employed for results presented below, this dynamic range always exceeded 10°°, and in most cases
exceeded 100, This means, in effect, that the resulting formulas hold to at least 50 digits, and in most
cases to at least 100 digits, beyond the level of precision required to discover them.

)



5 Validity checking

In the following sections, we present the results we have obtained for sums with denominator orders 2
through 12. We do not present rigorous proofs for most of the individual formulas below, but we have
checked them analytically and numerically. Needless to say, in presenting results of this scope there is
significant possibility of error, so we have employed several measures to ensure validity.

To begin with, in each section below the main set of results were generated automatically by a
computer program, using techniques described above in Section 4. We then included the LaTeX code
generated by this program into this manuscript without any alterations. Secondly, we then checked these
formulas by a computer program that read the actual LaTeX source of this manuscript, parsed each
numbered equation in Sections 6 through 16, separately translated the left-hand and right-hand sides
to Mathematica script evaluated with 60-digit arithmetic; then this script was executed by Wolfram
Mathematica 15.0. This process found no errors.
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6 Sums of denominator order two

We now present a catalog of results obtained by these methods, listed by denominator order (the sum of
the degrees of the denominator terms of the left-hand side summation), starting with order 2.

gl )~ 5 ) (25)
gl (2&;% = i (¢(2) +210g(2)?) (26)
:1 o = 16 1) 1)
One additional formula of interest is:
i #’;km = gC@) + %bg(?) (28)

k=1

The relevant Nielsen polylogarithm for this order is

¢(3)

S12(=1) = 8 (29)
7 Sums of denominator order three
D (QIZ(E?S 418 (—48Lis(1/2) — 4210g(2)¢(3) + 51¢(4) — 2log(2)*
k=1
+1210g(2)%¢(2)) (30)
> mf;,ille)z = %61 (—4¢(2) +7¢(3) — 81og(2)?) (31)
k=1
. H(2k) )
kZ:l Rk + 1) (4C( ) = 11¢(3) + 81log(2)?) (32)
Ié(:)? = ;—i (—24Li4(1/2) — 211og(2)¢(3) + 18¢(4) — 11og(2)*
k=1
+610g(2)*¢(2)) (33)
Three additional formulas are:
L H(2k+1 el 7 log(2)* 1 )
; 2k + 1) —1—Li (2> — 5¢(3)10g(2) +2¢(4) — — 7 + 7¢(2) log(2) (35)
> k 1 4
> S oy (1) - Seont) + o - B Leooer (a0

k=1



The relevant Nielsen polylogarithm for this order is

Saa(—1) = 2Ly (;) + e on2) - T+ B0 Lo iongay? (37)
This identity could be employed, for example, to replace Liy (%) by S32(—1) in this and later sections
8 Sums of denominator order four
> Gk = 1 (950 + 45(3) (39)
= H(2k) -1 2 :
;m 5 (—12¢(2) + 21¢(3) — 241log(2)* — 48Lis(1/2)
—4210g(2)¢(3) + 51¢(4) — 2log(2)* + 1210g(2)%¢(2)) (39)
> e ST = (62) — 9¢(3) + Slog(2)?) (10)
> m)é% ;8 (—12¢(2) + 33¢(3) — 241log(2)* — 48Li4(1/2)
k=1
—4210g(2)¢(3) + 36 (4) — 21log(2)* + 1210g(2)%¢(2)) (41)
S Ié < (37C(3) — 16C(2)¢(3) (42)
k=1

Some additional formulas include:

= 2 ((5) — £C(2)¢(3) (43)

oo

1
Zl 2k 2k—1 =240

1
<—5 (48Li4 (2> +33¢(3) + 42¢(3) log(2) + 21log(2)* — 241og(2)? + 121log(4)? — 24 log(4)> +2rt + 1077 (2 + 10g(2)2)>
(44)
The relevant Nielsen polylogarithm for this order is

m2¢(3) _ 29¢(5)

Ssa(=1) =33 32

(45)



9 Sums of denominator order five

oo

kzl 2k + 1 é (3¢(6) —2¢(3)° — 4S42(=1)) (46)
g:l Qk + 1) 1;2 (48¢(2) — 84¢(3) + 9610g(2)* + 192Li4(1/2)
+1681og(2)¢(3) — 204¢(4) + 8log(2)* — 4810g(2)%¢(2) — 279¢(5)
+144¢(2)¢(3)) (47)
i Qk + )3 418 (—36¢(2) + 75¢(3) — 721og(2)* — 48Lis(1/2)
- —4210g(2)¢(3) + 51¢(4) — 21og(2)" + 1210g(2)*¢(2)) (48)
i Qk + )2 % (36¢(2) — 87¢(3) 4 72log(2)* + 48Li4(1/2)
- +4210g(2)¢(3) — 36¢(4) + 2log(2)* — 1210g(2)%¢(2)) (49)
kf:l gk + 0~ 192 (48C( ) — 132¢(3) + 961og(2)? + 192Lis(1/2)

+16810g(2)¢(3) — 144¢(4) + 8log(2)* — 481og(2)%¢(2) — 111¢(5)
+48<( )¢(3)) (50)

i H 25{( ) - 16((3)2 + 3254’2(—1)) (51)

64
k=1

Some additional formulas inclulde:

ZH @) (G + @) = 5160 - 5667 (52)

As we remarked above, Wolfram 15.0 gives expressions for basic sums having a denominator of order
5 involving Nielsen generalzed polylogarithms, for example:

H(2k) 1 3?2 5ab
Z (2k)5 (542( 1) - +6048) (53)

k=1

The Wolfram 15.0 expression for the second basic sum is unduly complicated, in our view; it can be
simplified using the following substitution for a harmonic polylogarithm:

1376

H(=5,1;1) = Sya(—1) — 12¢(3)* — 31¢(5) log(2) + 5530 (54)
The simplified form is then
~H(2k+1) —10080S54,2(—1) — 5040 (3)2 + 297°
; (2k +1)5 -1 20160 (55)
> 1 1 > 5 5
;H(%) ((2k)5 TGkt 1)5) 2:: ( WPET 1P T (@) 2k 1)
1
WeDEeE 1)5) (56)

10



Using equations (165) and (53), (55) the third basic sum for this case is:

> H(2k) B
Z( 2k)5(2k +1)5

k=1
1 315¢(3 325 5 105 2974
30Liy4 <2> + S42(=1) — g( ) _ ;2( ) Tl 7 (—2¢(3) — 7+ 3log(2)?) + TC(B) log(2) — gg
6 5log(2)4 9
+ 60480 1 +35log(2)* (57)

10 Sums of denominator order six

> G s = gag (~0350(7) + 192(2)G(5) + 2404(3)(4) (58)
k:l
Z (2k) 2k+ = 1;2 (48¢(2) — 84¢(3) + 96log(2)? + 192Li4(1/2)
+16810g(2)¢(3) — 204¢(4) + 8log(2)" — 4810g(2)7¢(2) — 279¢(5) + 144¢(2)¢(3)
—T72¢(6) + 48¢(3)* + 9654 2(—1)) (59)
Z 21<;+ i = 1;2 (—192¢(2) + 384¢(3) — 384 log(2)? — 384Lis(1/2)
k:l
—33610g(2)¢(3) + 408((4) — 161og(2)* + 9610g(2)*¢(2) + 279¢(5)
71444( )<(3)) (60)
kZ:jl 2k+ =5 (72<( ) — 162¢(3) + 1441og(2)* + 96Li4(1/2)
+8410g(2)¢(3) — 87¢(4) + 4log(2)* — 2410g(2)%¢(2)) (61)
> @0 17 Qk ) 7 = 103 L (192¢(2) — 480¢(3) + 38410g(2)? + 384Lis(1/2)

1
+33610g(2)¢(3) — 288¢(4) + 161og(2)* — 961og(2)%¢(2) — 111¢(5)
+48¢(2)¢(3)) (62)

o0

Z % 2k+1> To5 (F48C(2) +132¢(3) — 9610g(2)” — 192Lis(1/2)
—168log(2)C(3) + 144C(4) — 8log(2)* + 481og(2)2C(2) + 111¢(5) — 48¢(2)¢(3)
—75¢(6) + 48((3)? — 9654,2(—1)) (63)
> s = 55 (1356(7) — 61C(2)4(5) ~ 166(3)¢() (64)

k=1

Some additional formulas include:

oo

(=D H(k) 377 7 1

e 1950 (1) = g¢1)CB) = 5¢2)¢ ). (65)

Zjék?k—_ll 7(158( 87¢(3) — 9677¢(5) + 2667¢(7)) , (66)
=1

11



6 15
@R Ek+ 18 |~ 2R)22k £ 1)

iH(%) <(2/1€)6 - (21-;11)6) = 2 HEh (

k=1
20 15 6 1 67
T eRERk s T @Ak 10 T kP 1)° T RS2k + 1)6) (67)

il

We also observe that a formula of denominator order 12 can be obtained as follows:

= e H(2k)
Zl 2k)6 2k+1 _6; (2k)>(2k + 1)°
/1) 189 1 585¢(5)  385((7) 1
+68Li, (2>_ g( )_ — o (80(3)+493) - 342( )y 1248( )_6”2 (—0C(3) + C(5) — 42 + 1T1og(2)?)
+ %g(:&) log(2) + % + 84log(2)*  (68)
Using (57) this becomes
= (1 567¢(3) 1 1365¢(5)  385¢(7)
Z:l 256 2k+1 = —112Li, (2) = 680(= 1)+ = = g (A(B) ~208) + o+ o
76 1 4
+ éwz (~21¢(3) — ¢(5) — 63 + 2810g(2)”) — 98((3) 108(2) ~ 150 — 14 05(2) —126log(2)®  (69)

The relevant Nielsen polylogarithm for this order is

56m4¢(3) 4 480m2¢(5) — 11295¢(7)
5760

Ss2(—1) = (70)

12



11 Sums of denominator order seven

D <21Z(+%1))7 = £ (5(8) ~ 4C(3)C(5) — 4562(~1)) i
k=1

— H(2k) -1 2 i

; BT = 768 (—192¢(2) + 336((3) — 3841og(2)? — 768Lis(1/2)

—67210g(2)¢(3) + 816¢(4) — 321log(2)* + 19210g(2)%¢(2) + 1116¢(5) — 576¢(2)¢(3)
+288((6) — 192¢(3)* — 384542(—1) + 1905¢(7) — 576 (2)¢(5)

—720¢(3)¢(4)) (72)
i % + v = 312 (—40¢(2) + 78¢(3) — 801og(2)* — 96Lis(1/2)

—8410g(2)¢(3) + 102¢(4) — 4log(2)* + 2410g(2)¢(2) + 93¢(5) — 48¢(2)¢(3)

+12<( ) —8((3)* — 16S42(—1)) (73)
f:l T 2k+ 7 = 1o ( 480¢(2) + 1032¢(3) — 960 1og(2)? — 768Lis(1/2)

—67210g(2)¢(3) + 756¢(4) — 321og(2)* + 19210g(2)%¢(2) + 279¢(5)
—144¢(2)¢(3)) (74)

Z 2R 2k+ ERN 191)2 (—480¢(2) + 1128((3) — 960 log(2)* — 768Lis(1/2)
—67210g(2)¢(3) + 636¢(4) — 3210g(2)* + 1921og(2)%¢(2) + 111¢(5)
—48¢(2)¢(3)) (75)
Z Qk + 02 = 6i (—80¢(2) 4 204¢(3) — 1601log(2)* — 192Li4(1/2)
k:l
—1681log(2)¢(3) + 144¢(4) — 8log(2)* + 4810g(2)*¢(2) + 74¢(5) — 32¢(2)¢(3)
—25((6) + 16¢(3)* — 32542(—1)) (76)
Z Qk Qk + D 728 (—192¢(2) + 528¢(3) — 3841og(2)* — 768Lis(1/2)

—67210g(2)¢(3) + 576¢(4) — 321log(2)* + 19210g(2)2¢(2) + 444¢(5) — 192¢(2)¢(3)
—300¢(6) + 192¢(3)* — 3845, o(—1) + 405¢(7) — 192¢(2)¢(5)
—48¢(3)¢(4)) (77)

Zlé 7 226 (161¢(8) — 128¢(3)¢(5) + 12886,2(—1)) (78)
k=1

Some additional formulas include:

71_8
ZH (2£) < ok Jlr 1)7 > B 81(;)67400 —¢B3)) (79)

13



2 k) ((2k)7 (2K + 1)7) = 2 ek <(2k)4(2k:+ 0 @Rk )P 2Rk 1)

k=1

1
*mmw) (80)
Let
1 2331¢(3 7 455C(5 2695((7
o = 5 (120010 () - 2 Tty +a35) - 2500 qaygrs) + 2D
7, 10778 35log(2)*

——7* (—=8¢(3) + ¢(5) — 37 + 1510g(2)?) + %g(:ﬂ log(2) + - 51810g(2)2) (81)

806400 2

Ty = % <178 <7680Li4 (;) — 10656¢(3) — 2080¢(5) + 385¢(7) + 6720¢(3) log(2) + 320 log(2)* + 9472 log(2)2)

2
+i7r (8¢(3) +435) — ¢(3)¢(5) + =7 (—8¢(3) + ¢(5) — 37 + 151og(2)?) + W) (82)
720 6 806400
Then
i H(2k) li H(2k) B 42 H(2k) T (83)
Lo (2k)T T 2 4= (2k)T(2k + 1)7 (2k)5(2k+1)> 1
and
— H(2k) 1 H(2k) H(2k)
;;1 2k+1)7 2 ; 2K (2k + 1)7 142 @k 2k +1)p (84)
From (83),
> - (1 2079¢(3 ) 1365¢(5) 2695¢(7)
> R FIy oy = 4200 (5 ) #28810(- 14 S0a(-1)- T4 rs(s)-a3s) - e ) 2
7T6 ’/T8 O, 4
,g 2 (—12¢(3) — ¢(5) — 33 + 1510g(2)?) +$<(3) log(2) + 5160 T 2419200 351 5(2) +462 10g(2)<285)
Let
Ts = 4;0[ 127* — 2072 (=5 + 3log(2)? — 2((3))
+ 15(801og(2)? + 4log(2)* 4 96Liy(1/2) — 102¢(3) + 841og(2)¢(3) — 37¢(5))]  (86)
and

Ts = 4;0[177 +207%(—5 + 31og(2)? — 6¢(3))
— 15(801og(2)? + 4log(2)* 4 96Lis(1/2) — 78((3) + 841og(2)¢(3) — 93¢(5))]  (87)

Then one obtains these two formulas that involve a sum of denominator order 10:

>N H(2k) L& HER
=COCER # T3 G )
nd
a > =T HEk) g o L i __HQ@k) (89)
Z (2h)° 2’““ ”ZW S 2 @2k 1)

1

14



12 Sums of denominator order eight

oo

D

k:l

oo

> P

k=

—_

> T

k=

[

(2k)4

HM8

> ey

k=

=

> T

k=

=

S BT

k:l

! (3577¢(9) — 768¢(2)¢(7) — 1008¢(3)¢(6)

2k4#1

2k-%1

2k+1)

2k-+

2k:+)

2k:+)

2k:+)

2k+1)

_768<

102

1024

—960¢(4)¢(5)) (90)
1
~ 768
+6721og(2)¢(3) — 816¢(4) + 321og(2)* — 19210g(2)¢(2) — 1116¢(5) + 576¢(2)¢(3)

—288¢(6) + 192¢(3)? + 3848, 2(—1) — 1905¢(7) + 576¢(2)¢(5) + 720¢(3)¢(4)
—480¢(8) + 384¢(3)¢(5) + 384S56.2(—1)) (91)

(192¢(2) — 336((3) + 38410g(2)? + 768Lis(1/2)

1152¢(2) + 2208((3) — 2304 1og(2)? — 3072Li4(1/2)

—26881og(2)¢(3) + 3264¢(4) — 128log(2)* + 768 log(2)%¢(2) + 3348((5)
—1728¢(2)C(3) + 576 (6) — 384¢(3)% — 76854.2(—1) + 1905¢(7) — 576¢(2)C(5)
—720C( )¢(4)) (92)

= 19 (720c( ) — 1500¢(3) 4 14401og(2)* 4 1344Li4(1/2)

+1176log(2)¢(3) — 1368¢(4) + 561og(2)* — 336 1og(2)%¢(2) — 837¢(5) + 432¢(2)¢(3)
—724( )+ 48¢(3)% + 9654,2(—1)) (93)

=5 (4804( ) — 1080¢(3) + 960 log(2)2 + 768Lis(1/2)

+67210g(2)¢(3) — 696¢(4) + 321og(2)* — 1921og(2)%¢(2) — 195¢(5)
+96< (2)¢(3)) (94)

(720c( ) — 1740¢(3) + 1440 log(2)? + 1344Liy(1/2)

+1176log(2)¢(3) — 1068¢(4) + 561og(2)* — 336 1og(2)%¢(2) — 333¢(5) + 144¢(2)¢(3)
+75¢(6) — 48((3)* + 96S4,2(—1)) (95)

=73 (—1152¢(2) + 2976((3) — 2304 log(2)? — 3072Li4(1/2)

—268810g(2)¢(3) + 2304¢(4) — 1281og(2)* 4 76810g(2)%¢(2) + 1332¢(5)
—576¢(2)¢(3) — 600¢(6) 4 384¢(3)? — 7685, 2(—1) + 405¢(7) — 192¢(2)¢(5)
—48¢(3)¢(4)) (96)

7(1),8 (192¢(2) — 528¢(3) + 38410g(2)® + T68Lia(1/2)

+6721og(2)¢(3) — 576¢(4) + 321og(2)* — 19210g(2)2¢(2) — 444¢(5) + 192¢(2)¢(3)
+300¢(6) — 192¢(3)* + 38454,2(—1) — 405¢(7) + 192¢(2)¢(5) + 48¢(3)¢(4)
+483¢(8) — 384¢(3)¢(5) + 38456.2(—1)) (97)
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= H(2k) 1
; ks~ Toa1 (0216(09) = 256¢(2)¢(7) — 16¢(3)¢(6)

—64¢(4)¢(5))

Some additional formulas include:

> (—1)k 1}¥(k) | —49675¢(3) — 47047 (5) — 40320m2((7) + 1926855((9)
j{; - 483840

o~ H(2k) H(2k) 27 H(2k)

E —— =T N S S e G

£ (2Kk)(2k + 1)7 Bty EE: (2k)7(2k +1)T 2 252(2k05(2k_y1)5
The relevant Nielsen polylogarithm for this order is

49675¢(3) + 470474¢(5) + 40320m2¢(7) — 1444905¢ (9)
483840

S7o(—1) =

16

(101)



13 Sums of denominator order nine

i

k:l

S G

k:l

S T

B
—

. Gy

>~
=

S G

=
—

Mg

k:l

> T

o
[

oo

=1

H(2k)
2%k +1)°

(7¢(10) — 4¢(3)¢(7) — 2¢(5)* — 485.2(~1)) (102)

OO\H

1

2k

2k+1

2k—|—1

2k’+1

2k+1

2k+1

2k+1

2k‘—|—1

~ 64

= 3073 (768¢(2) — 1344¢(3) + 1536 log(2)* 4 3072Li4(1/2)

+268810g(2)¢(3) — 3264¢(4) + 1281og(2)* — 768log(2)2¢(2) — 4464 (5)
+2304¢(2)¢(3) — 1152¢(6) + 768¢(3)? + 15365,,2(—1) — 7620¢(7)

+2304¢(2)¢(5) + 2880¢(3)¢(4) — 1920¢(8) + 1536¢(3)¢(5) 4 153656 2(—1)
—107314( ) +2304¢(2)¢(7) + 3024¢(3)¢(6) + 2880¢(4)¢(5)) (103)

= 351 (672(( ) — 1272¢(3) + 1344 10g(2)? + 1920Li4(1/2)

41680 log(2)¢(3) — 2040¢(4) + 801og(2)* — 480 log(2)?¢(2) — 2232¢(5)
+1152¢(2)¢(3) — 432¢(6) + 288¢(3)* + 576S4,2(—1) — 1905¢(7) + 576¢(2)¢(5)
+720¢(3)¢(4) — 240¢(8) + 192¢(3)¢(5) + 19286 2(—1)) (104)
1
~ 768
+739210g(2)¢(3) — 8736¢(4) + 3521og(2)* — 211210g(2)%¢(2) — 6696¢(5)
+3456¢(2)¢(3) — 864¢(6) + 576¢(3)% + 115284 2(—1) — 1905¢(7) + 576¢(2)¢(5)
+7204( )¢(4)) (105)

(4032¢(2) — 8208¢(3) + 8064 log(2)? + 8448Li4(1/2)

=<1 (560(,“( ) — 1220¢(3) + 1120 log(2)* + 960Li4(1/2)

+84010g(2)¢(3) — 920¢(4) + 401og(2)* — 2401og(2)%¢(2) — 409¢(5) 4 208¢(2)¢(3)
—24¢(6) 4 16¢(3)* + 3254,2(—1)) (106)
! (—560¢(2) 4 1300¢(3) — 11201og(2)* — 960Lis(1/2)

—84010g(2)¢(3) + 820¢(4) — 401log(2)* + 24010g(2)%¢(2) + 241¢(5) — 112¢(2)¢(3)
—25g( )+ 16¢(3)? — 32S42(—1)) (107)

= o3 (40324( ) — 9936¢(3) + 8064 1og(2)? 4 8448Liy(1/2)

+739210g(2)¢(3) — 6576¢(4) + 3521og(2)* — 211210g(2)%¢(2) — 2664¢(5)
+1152¢(2)¢(3) + 900 (6) — 576¢(3)% + 11525, o(—1) — 405¢(7) + 192¢(2)¢(5)
+48¢(3)¢(4)) (108)
1
~ 768
+33601log(2)¢(3) — 2880¢(4) + 1601og(2)* — 960 log(2)2¢(2) — 1776¢(5)
H+768¢(2)C(3) + 900((6) — 576¢(3)% + 11525, 9(—1) — 810¢(7) + 384¢(2)¢(5)
+96¢(3)C(4) + 483 (8) — 384¢(3)¢(5) + 38456.2(—1)) (109)

(1344¢(2) — 3504¢(3) + 268810g(2)? + 3840Li4(1/2)
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1

Z % + T = 30m (—768¢(2) + 2112¢(3) — 1536 log(2)* — 3072Li4(1/2)

k:l
—268810g(2)¢(3) + 2304¢(4) — 1281og(2)* + 7681og(2)%¢(2) + 1776((5)
—768¢(2)¢(3) — 1200¢(6) + 768¢(3)? — 153654 2(—1) 4 1620¢(7) — 768¢(2)¢(5)
—192¢(3)¢(4) — 1932¢(8) + 1536¢(3)¢(5) — 1536S6,2(—1) + 1563¢(9)
—T768¢(2)¢(7) — 48¢(3)¢(6) — 192¢(4)¢(5)) (110)
= H(2k) 1 )
; @i 1024( 897¢(10) + 512¢(3)¢(7) + 256¢(5)* — 51255 2(—1)) (111)

Some additional formulas include:

> 1 1 ¢(5)? 163710
H(2 =— — 112
; (2k) ((21:)9 + (2k + 1)9) 2 <)X + 8709120 (112)
Let 2(( ) . .
(3 1 9 Vs 5w
Ty=-——"+3 (—4¢(3)* — 10¢(3) +21¢(5)) + %610 T 283 (113)
Then one obtains these formulas involving a sum of denominator order 10:
> & H (2k)
D Gk T 2k + )i~ 2 <Z @Rk + 1) Tg) ’ (114)
i ( k=1
and
oo 1 oo
z; 2k:+1 2( Zl 2k)5 2k:—|—1 +T9>' (115)
= H(2k) 1 — H 27 H(2k)
— = =N 2 __ 4T 11
];(k)(kﬂ 221 2T (2k £ 1)7 2;(%)5(21«“)5+ 14 (116)
— H(2k)  1g H(2k) 27 & H(2k)
k; @2k +1) 2 ; Rk 1) 2 ; k)5 (2k + 15 T 11 (117)
Let

2 8 12 80 4 64 2 2 256

595 3572 1097 7xS 10778 851og(2)* 85
ZZ2¢(3) log(2 - 2101log(2)? — —=721log(2)2 (118
+ = CB)log(2) + =5 64 5760 T 1612800 1g— +210log(2)* — o log(2)*  (118)

Th — 17014, (1) _1895((3) 4372¢(3) 3mUC(3) 3¢(3)% 2813¢(5) w*(5) <(3)¢(5) | 2425((7)

and

T — 1704, <1)+1885C(3) 4Tn*((3)  137°C(3) 3¢(3)? , 3037¢(5)  7((5) ((3)((5) 1425((7)

2 s 12 720 4 64 3 2 256
595 35m2 9917t 7xS 10778 851og(2)* 85
- — - —210log(2)? + —7%log(2)* (11
1 SB10e(2) = 5+ T+ 5760 1612800 12 0log(2)" + 737 log(2)"  (119)
Then one obtains the following formulas involving sums of denominator order 14 and 10:
S ORI = 3 LT 3 o G e 0
(2k)7 2k‘—|—1 (2k)7 2k‘—|—1 2 — (2k)° 2k‘—|—1 ’

k::l

18



and
o0

S R~ 3 BT 2 a2
— (2k)2( 2k+1 T 24 (2k)7 2k+1 2 £ (2 2k+1) ”

19



14 Sums of denominator order ten

oo

>

-1

Z 2k—|—1

k:l

= 1096 (—18423¢(11) + 3072¢(2)¢(9) + 4080¢(3)¢(8)

+3840¢(4)¢(7) + 4032¢(5)¢(6)) (122)

! (768¢(2) — 1344¢(3) + 1536 log(2)? + 3072Li(1/2)

2k+1

~ 3072

12688 1og(2)¢(3) — 3264¢(4) + 128 log(2)* — 768 log(2)2¢(2) — 4464¢(5)
42304¢(2)¢(3) — 1152¢(6) + 768¢(3)? + 1536S542(—1) — 7620¢(7)

+2304¢(2)¢(5) + 2880¢(3)¢(4) — 1920¢(8) + 1536¢(3)¢(5) + 1536S6,2(—1)
—10731¢(9) + 2304¢(2)¢(7) + 3024¢(3)¢(6) 4 2880 (4)¢(5) — 2688¢(10)

+1536§( )¢(7) 4 768¢(5)% 4 153655 2(—1)) (123)

(2048¢(2) — 3840¢(3) + 4096 log(2)? + 6144Li,(1/2)

k::l

o0

M

k= 1

>

k=

—

> T

k=

—

> e

k=

—

2k+1

2k 2k+1

2k+1

2k:+)

2k;+1)

- 1024

_768(

_768(

64

+53761og(2)¢(3) — 6528¢(4) + 256 1og(2)* — 1536 log(2)%¢(2) — 7440 (5)

43840 (2)¢(3) — 1536¢(6) + 1024¢(3)% + 20485, 2(—1) — 7620¢(7)

+2304¢(2)C(5) + 2880 (3)¢(4) — 1280¢(8) + 1024 (3)¢(5) + 10245 2(—1)

—3577¢(9) + 768¢(2)C(7) + 1008¢(3)¢(6) + 960 (4)¢(5)) (124)
L (25376¢(2) + 10752¢(3) — 10752 1g(2)? — 12288Li4 (1/2)

—1075210g(2)¢(3) + 12816¢(4) — 51210g(2)* + 30721log(2)2¢(2) + 11160¢(5)

—5760C(2)¢(3) + 1728¢(6) — 1152¢(3)% — 23048, 5(—1) + 5715¢(7)

—1728((2)¢(5) — 2160 (3)¢(4) + 480(8) — 384¢(3)¢(5) — 384S6.2(~1))  (125)

10752¢(2) + 22848((3) — 21504 log(2)? — 19968Li4(1/2)

—1747210g(2)¢(3) 4 19776 (4) — 83210g(2)* + 499210g(2)2¢(2) + 11604¢(5)

—5952¢(2)¢(3) + 1152¢(6) — 768 (3)% — 153654.2(—1) + 1905 (7) — 576¢(2)¢(5)

—720¢(3)¢(4)) (126)
! (—1120¢(2) + 2520¢(3) — 2240 log(2)? — 1920Li4(1/2)

—16801og(2)¢(3) 4 1740 (4) — 80log(2)* + 48010g(2)2¢(2) 4 650¢(5) — 320¢(2)¢(3)

—((6) — 64S42(—1)) (127)

1
=73 (—10752¢(2) + 25536¢(3) — 21504 log(2)? — 19968Li4(1/2)

—1747210g(2)¢(3) 4 16416¢(4) — 8321og(2)* + 499210g(2)%¢(2) + 5556¢(5)
—2496¢(2)¢(3) — 1200£(6) + 768¢(3)% — 1536S54,2(—1) 4+ 405¢(7) — 192¢(2)¢(5)
—48((3)¢(4)) (128)

20



> 1
Z 2k + % = 768 (5376¢(2) — 13440¢(3) + 10752 log(2)? + 12288Li4(1/2)
k=

—

+1075210g(2)¢(3) — 9456¢(4) + 5121og(2)* — 307210g(2)2¢(2) — 4440¢(5)

+1920¢(2)¢(3) + 1800¢(6) — 1152¢(3)? + 23045, 2(—1) — 1215¢(7)

+576¢(2)¢(5) + 144¢(3)C(4) + 483¢(8) — 384¢(3)¢(5) + 384S6.2(—1)) (129)
1

kz::l 2k + 12~ 1024 (—2048¢(2) + 5376((3) — 4096 log(2)* — 6144Lis(1/2)

—537610g(2)¢(3) + 4608¢(4) — 256 log(2)* + 1536 log(2)2¢(2) + 2960¢ (5)
—1280C(2)¢(3) — 1600¢(6) + 1024¢(3)% — 20485, 5(—1) + 1620¢(7)

—768¢(2)¢(5) — 192¢(3)C(4) — 1288¢(8) + 1024 (3)¢(5) — 102456 2(—1)
+521¢(9) — 256¢(2)¢(7) — 16¢(3)¢(6) — 64¢(4)¢(5)) (130)

~1 .
Z 2k 2k+ 5 = 307 (—768¢(2) + 2112¢(3) — 1536 log(2)? — 3072Lis(1/2)
1

—268810g(2)¢(3) + 2304¢(4) — 1281og(2)* 4 76810g(2)%¢(2) + 1776¢(5)
—T768¢(2)¢(3) — 1200¢(6) + T68¢(3)? — 153654 2(—1) + 1620¢(7) — 768¢(2)¢(5)
—192¢(3)¢(4) — 1932¢(8) + 1536 (3)¢(5) — 1536S6.2(—1) + 1563¢(9)
—T68C(2)C(7) — 48¢(3)C(6) — 192¢(4)¢(5) — 2691¢(10) + 1536¢(3)¢(7)

+768¢(5)* — 153653 2(—1)) (131)

2059¢(11) — 1024¢(2)¢(9) — 16¢(3)¢(8) — 256¢(4)¢(7)

>\ H(2k
Z()

4096 (
—64¢(5)¢(6)) (132)

Some additional formulas include:

E

L
—
[\
=
~—
e
o

S UH(K) | —r8¢(3) — 1075¢(5) — 10574¢(7) — 1575m2¢(9) + 56700¢(11)
2 (k)10 9450 (133)

k=1

i )k= 1H(k) —101673¢(3) — 992075¢(5) — 9408074((7) — 80640072¢(9) + 48332025 (11)

—~ 9676800
(134)
i _ —107175¢(3) — 1171875¢(5) — 12001574¢(7) — 144868572¢(9) + 58032450¢ (1) — 6271 log(4)
£ 2k+1 5806080
(135)
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15 Formulas for denominator order 11

> &

k:l

>

k=

=

>

k:l

oo

HM

> G

k:l

oo

2

H(2k)

(2k + 1)11

%1 (—=9¢(12) +4¢(3)C(9) + 4¢(5)¢(7) + 4510,2(=1)) (136)

-1

2k+1

= Topgg (3072((2) + 5376((3) — 614410g(2)* — 12288Lis(1/2)

—1075210g(2)¢(3) + 13056¢(4) — 5121og(2)* + 30721og(2)%¢(2) + 17856((5)
—9216¢(2)¢(3) + 4608¢(6) — 3072¢(3)% — 61445, 5(—1) + 30480((7)
—9216¢(2)¢(5) — 11520¢(3)¢(4) + 7680¢(8) — 6144¢(3)((5) — 614454 5(—1)
+42924¢(9) — 9216¢(2)¢(7) — 12096¢(3)¢(6) — 11520 (4)¢(5) + 10752¢(10)
—6144¢(3)¢(7) — 3072¢(5)% — 6144Ss 2(—1) + 55269¢(11) — 9216¢(2)¢(9)
—1224o¢( )C(8) — 11520¢(4)C(7) — 12096 (5)¢(6)) (137)

2k+1)

= 1536 (3456C( ) — 6432¢(3) + 69121og(2)? + 10752Lis(1/2)

19408 log(2)¢(3) — 11424¢ (4) + 4481og(2)* — 26881og(2)?¢(2) — 13392¢(5)
+6912¢(2)¢(3) — 2880¢(6) 4 1920¢(3)* + 384084 o(—1) — 15240¢(7)
+4608¢(2)¢(5) + 5760¢(3)¢(4) — 2880 (8) + 2304¢(3)¢(5) + 230456 2(—1)
—10731¢(9) + 2304¢(2)¢(7) + 3024¢(3)¢(6) + 2880¢(4)¢(5) — 1344¢(10)
+768¢(3)¢(7) + 384¢(5)* 4 76855 2(—1)) (138)

1 (—27648¢(2) + 54528¢(3) — 55296 log(2)? — 67584Li4(1/2)

2k:

2k+1

2k:+

2k+1

7 64

_768(

~ 3072

—5913610g(2)((3) + T0848¢ (4) — 2816 10g(2)* + 16896 log(2)2¢(2) + 66960¢ (5)
—34560¢(2)C(3) + 11520¢(6) — 7680 (3)% — 15360.5,.2(—1) + 45720¢(7)
—13824¢(2)¢(5) — 17280¢(3)C(4) + 5760¢(8) — 4608¢(3)¢(5) — 460855 5(—1)
+10731¢(9) — 2304¢(2)¢(7) — 3024¢(3)C(6) — 2880¢ (4)¢(5)) (139)

1 (1344¢(2) — 2800¢(3) + 2688 10g(2)? + 2688Li4(1/2)

+235210g(2)¢(3) — 2716¢(4) + 1121og(2)* — 6721log(2)%¢(2) — 1897¢(5)
+976¢(2)¢(3) — 240 (6) + 160¢(3)? + 32054 2(—1) — 635¢(7) + 192¢(2)¢(5)
+240¢(3)¢(4) — 40¢(8) 4 32¢(3)¢(5) + 3256,2(—1)) (140)

24192¢(2) — 53088¢(3) + 48384 1og(2)? + 43008Li4(1/2)

+376321og(2)¢(3) — 40656¢(4) + 17921og(2)* — 1075210g(2)%¢(2) — 19404 (5)
+9792¢(2)¢(3) — 1140¢(6) + 768¢(3)? + 230454 2(—1) — 1905¢(7) + 576¢(2)¢(5)
+720¢(3)¢(4)) (141)
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Z _ ! (—24192¢(2) + 55776¢(3) — 48384 1log(2)? — 43008Li4(1/2)

— ( 2k + 15 768
—3763210g(2)¢(3) + 37296¢(4) — 17921og(2)* + 10752 1og(2)%¢(2) + 13356¢(5)
—6336¢(2)¢(3) — 1212¢(6) + 768¢(3)% — 230454 2(—1) 4+ 405¢(7) — 192¢(2)¢(5)
—48¢(3)¢(4)) (142)
i 2k+ 0 = 252, (—5376¢(2) + 12992¢(3) — 107521og(2)* — 10752Li4(1/2)

x>
—

—94081og(2)¢(3) + 8624¢(4) — 4481og(2)* + 2688 log(2)2(¢(2) + 3332 (5)
—1472¢(2)¢(3) — 1000¢(6) + 640¢(3)% — 128084, 5(—1) + 540¢(7) — 256¢(2)¢(5)

—64¢(3)¢(4) — 161¢(8) + 128¢(3)¢(5) — 12856,2(—1)) (143)
i Qk + E = 36712 (27648¢(2) — 69888¢(3) + 55296 log(2)* + 67584Lis(1/2)

=
—

+59136log(2)¢(3) — 51648¢(4) + 28161og(2)* — 16896 log(2)2¢(2) — 26640 (5)
+11520¢(2)¢(3) + 12000 (6) — 7680¢(3)2 + 153608,.5(—1) — 9720¢(7)
+4608¢(2)C(5) + 1152¢(3)C(4) + 5TI6¢(8) — 4608¢(3)¢(5) + 46085,2(—1)

—1563¢(9) + T68¢(2)¢(7) + 48¢(3)¢(6) + 192¢(4)¢(5)) (144)
i % + = 30712 (—6912¢(2) + 18240¢(3) — 13824 1og(2)* — 21504Li4(1/2)

=

—188161og(2)¢(3) + 16128¢(4) — 896 log(2)* + 5376 1og(2)%¢(2) + 10656¢(5)
—4608¢(2)¢(3) — 6000((6) 4 3840¢(3)2 — 768054 2(—1) + 6480¢(7)
—3072¢(2)¢(5) — 768¢(3)¢(4) — 5T96¢(8) 4 4608¢(3)¢(5) — 4608S5.2(—1)
+3126¢(9) — 1536¢(2)C(7) — 96¢(3)¢(6) — 384¢(4)¢(5) — 2691¢(10)
+1536C(3)< 7) + 768¢(5)* — 153655 2(—1)) (145)

Mg

2k 21<; T = T (3072(( ) — 8448(¢(3) + 6144 1og(2)? + 12288Li4(1/2)

+1075210g(2)¢(3) — 9216¢(4) + 5121og(2)* — 30721log(2)¢(2) — 7104¢(5)
+3072¢(2)¢(3) + 4800¢(6) — 3072¢(3)? + 61445, 2(—1) — 6480¢(7)
+3072¢(2)¢(5) + T68¢(3)¢(4) + 7728 (8) — 6144¢(3)¢(5) + 614485 2(—1)
—6252¢(9) + 3072¢(2)C(7) 4 192¢(3)¢(6) 4 T68¢(4)¢(5) 4 10764¢(10)
—6144¢(3)¢(7) — 3072¢(5)* + 614455 2(—1) — 6177¢(11) + 3072¢(2)¢(9)
+48((3)¢(8) + 768¢(4)¢(7) + 192¢(5)¢(6)) (146)

4609¢ (12) — 2048¢(3)¢(9) — 2048¢(5)¢(7) + 20485102 (

k= 1

< (2k)1T T 4096 (
~1)) (147)
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16 Formulas of denominator order 12

L 90101¢(13) — 12288¢(2)¢(11) — 16368¢(3)¢(10)

> 2k)
212( _

oo

> @

16384

—15360¢(4)¢(9) — 16320 (5)¢(8) — 16128¢(6)¢(7)) (148)

! (—3072¢(2) + 5376¢(3) — 6144 log(2)? — 12288Lis(1/2)

k:l

o0

> we

2k+1

12288

—1075210g(2)¢(3) + 13056¢(4) — 5121og(2)* + 307210g(2)2¢(2) + 17856¢(5)
—9216¢(2)¢(3) 4 4608¢(6) — 3072¢(3)% — 61445, 2(—1) + 30480 (7)
—9216¢(2)¢(5) — 11520 (3)¢(4) + 7680¢(8) — 6144¢(3)¢(5) — 614486 2(—1)
+42924¢(9) — 9216¢(2)¢(7) — 12096¢(3)¢(6) — 11520¢(4)¢(5) 4 10752¢(10)
—6144¢(3)¢(7) — 3072¢(5)* — 614455 2(—1) + 55269 (11) — 9216¢(2)¢(9)
—12240¢(3)¢(8) — 11520¢(4)¢(7) — 12096 (5)¢(6) + 13824¢(12)

—6144¢(3)C(9) — 6144¢(5)¢(7) — 6144S10.2(—1)) (149)

30720¢(2) — 56832¢(3) + 614401og(2)?

=1

2k+

12288 (

+98304Li4(1/2) + 86016 1og(2)((3) — 104448¢(4) + 4096 log(2)* — 24576 1og(2)%¢(2)
—124992¢(5) + 64512¢(2)¢(3) — 27648¢(6) + 18432 (3)? + 368645, 2(—1)
—152400¢(7) + 46080 (2)¢(5) 4+ 57600¢ (3)¢(4) — 30720¢(8) 4 24576¢(3)¢(5)
+2457686 2(—1) — 128772¢(9) + 27648¢(2)¢(7) + 36288¢(3)¢(6) + 34560¢(4)¢(5)
—21504¢(10) + 12288¢(3)¢(7) + 6144¢(5)? + 1228855 2(—1) — 55269¢(11)
+9216¢(2)¢(9) + 12240¢(3)¢(8) + 11520¢(4)¢(7) + 12096¢(5)¢(6)) (150)

>

k=

=

oo

2k+1)

= 5573 (~34560((2) + 67392((3) — 6912010g(2)° — 89088Lia(1/2)

—7795210g(2)C(3) + 93696¢(4) — 37121og(2)* 4 2227210g(2)2¢(2) 4 93744¢(5)
—48384¢(2)¢(3) + 17280¢(6) — 11520 (3)? — 230408, 2(—1) + 76200¢(7)
—23040¢(2)¢(5) — 28800¢(3)¢(4) + 11520¢(8) — 9216 (3)¢(5) — 921656 2(—1)
+32193¢(9) — 6912¢(2)¢(7) — 9072¢(3)¢(6) — 8640¢(4)¢(5) + 2688¢(10)

—1536g( )C(7) — 768((5) — 153655 2(—1)) (151)

> we

=1

2k:+1

~ 3072 (

92160¢ (2) — 188928¢(3) + 18432010g(2)?

+196608Li4(1/2) + 17203210g(2)¢(3) — 201216¢(4) + 81921og(2)* — 4915210g(2)¢(2)
—158016¢(5) + 81408¢(2)¢(3) — 23040¢(6) + 15360¢(3)? + 3072054 2(—1)

—76200¢(7) + 23040¢(2)¢(5) + 28800¢(3)¢(4) — 7680¢(8) + 6144¢(3)¢(5)

+614456 2(—1) — 10731¢(9) + 2304¢(2)¢(7) + 3024¢(3)¢(6)

+2880¢(4)¢(5)) (152)
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Z 2k—|—1

k=

[

Z 2k:+1)

k=

=

[e.9]

M

— 1 2k: 2k+1

oo

~ 768

~1
= g (—403200(2) + 86688((3) — 80640log(2)* — 75264Lis(1/2)

—6585610g(2)((3) + 73248¢(4) — 3136 log(2)* + 18816 10g(2)%¢(2) + 42168((5)
—21504¢(2)¢(3) + 4020¢ (6) — 2688((3)% — 61445, 5(—1) + 9525((7)
—2880¢(2)¢(5) — 3600¢(3)C(4) + 480¢(8) — 384¢(3)¢(5) — 38456.2(—1)) (153

-1
= 5ap (241920(2) — 54432((3) + 4838410g(2)” + 43008Lia(1/2)

+3763210g(2)¢(3) — 38976¢(4) + 17921og(2)* — 107521og(2)2¢(2) — 16380¢(5)
+8064¢(2)¢(3) + 36 (6) + 230484 2(—1) — 1155¢(7) + 384¢(2)¢(5)
+384¢(3)¢(4)) (154)

¢
)

! (—40320¢(2) + 94752((3) — 80640 log(2)? — 75264Li4(1/2)

—6585610g(2)((3) + 63168 (4) — 31361og(2)* + 18816 log(2)2¢(2) + 23352¢(5)
—10752¢(2)¢(3) — 4212¢(6) + 2688((3)% — 61445, 5(—1) + 2025((7)
—960< (2)¢(5) — 240¢(3)¢(4) — 483¢(8) + 384¢(3)¢(5) — 38486,2(—1)) (155)

92160¢(2) — 225792¢(3) + 1843201og(2)>

(2k)3 2kr+1

i\g

~ 3072 (

+196608Li4(1/2) + 17203210g(2)¢(3) — 155136¢(4) + 81921og(2)* — 49152 10g(2)2¢(2)
—66624¢(5) + 29184¢(2)C(3) + 24000 (6) — 15360 (3)2 + 307208, 5(—1) — 16200¢(7)
7680 (2)¢(5) + 1920¢(3)C(4) + T728¢(8) — 6144 (3)¢(5) + 614455 2(—1)

—1563¢(9) + 768¢(2)C(7) + 48((3)¢(6) + 192¢(4)¢(5)) (156)

o0
Z 2k+1

k:l

o0

~ 3072 (

34560 (2) — 88128¢(3) + 69120 1og(2)? + 89088Lis(1/2)

+7795210g(2)¢(3) — 67776¢
+16128¢(2)¢(3) + 18000¢ (6

+7680¢(2)¢(5) + 1920¢(3)¢(4) + 11592¢(8) — 9216¢(3)¢(5) + 921656 2(—1)
—4689C(9) + 2304¢(2)C(7) 4 144¢(3)C(6) 4 576¢(4)¢(5) + 2691¢(10)
—1536((3)¢(7) — 768((5)* + 15365s,2(—1)) (157)

4) + 37121og(2)* — 2227210g(2)2¢(2) — 37296¢(5)

(
) — 11520¢(3)? + 230405, 5(—1) — 16200¢(7)

30720¢(2) — 81408¢(3) + 61440 1log(2)?

Z 10
£~ (2k) 2k+1)

12288 (

+98304Li4(1/2) + 86016 log(2)¢(3) — 73728¢(4) + 4096 log(2)* — 24576 log(2)2¢(2)
—49728¢(5) + 21504¢(2)¢(3) + 28800 (6) — 18432¢(3)2 + 3686454 2(—1) — 32400((7)
+15360C(2)¢(5) + 3840C(3)C(4) + 30912¢(8) — 24576( (3)¢(5) + 2457656.2(—1)
—18756(9) + 9216¢(2)C(7) + 5T6¢(3)C(6) + 2304¢(4)¢(5) + 21528¢(10)
—12288((3)¢(7) — 6144¢(5)? + 1228855 2(—1) — 6177¢(11) + 3072((2)¢(9)
+48((3)¢(8) + T68¢(4)¢(7) + 192¢(5)¢(6)) (158)
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(o)
-1
—3072¢(2) + 8448¢(3) — 6144 10g(2)? — 12288Li4(1/2
Zl 2k 2k+1) = Tozgs (T307TX(2) + 8448((3) 0g(2) i4(1/2)

—1075210g(2)¢(3) + 9216¢(4) — 5121og(2)* + 307210g(2)2¢(2) + 7T104¢(5)
) =

—3072¢(2)¢(3) — 4800¢(6) + 3072¢(3) — 61445, 2(—1) + 6480 (7)
—3072¢(2)¢(5) — 768¢(3)¢(4) — TT28C(8) + 6144¢(3)¢(5) — 6144S6.9(—1)
+6252¢(9) — 3072¢(2)¢(7) — 192¢(3)C(6) — 768¢(4)¢C(5) — 10764¢(10)
+6144¢(3)¢(7) + 3072¢(5)* — 614455 o(—1) + 6177¢(11) — 3072¢(2)¢(9)
—48((3)¢(8) — 768¢(4)¢(7) — 192¢(5)¢(6) — 13827¢(12) 4 6144¢(3)¢(9)
+6144¢(5)¢(7) — 6144S10,2(—1)) (159)

ZH(%,; 16:1,)84 (8205¢(13) — 4096¢(2)¢(11) — 16¢(3)¢(10)
k=

—1024¢(4)¢(9) — 64¢(5)¢(8) — 256¢(6)¢(7)) (160)

—
—~~
[\
=
~—
—

17 Difference formulae

As a postscript, we list these relations for any F'(k) for which the sums below converge:

> 1 1
2Tk (@5~ @) -

=1

F(k)
(2k)(2k + 1)

M8

(161)

b
Il

1

oo 1 1 > 1 1
> 70 (i~ @) = 27O (@oa e * @reery) 09

k= k=1
> 1 1 > 3 1
ZF(k) <(2k)3 2k + 1)3> - ’;F(k) ((%)2(% +1)2 + (2k)3(2k + 1)3) (163)

> 1 1 4 2
ZF(k) <(2k’)4 - (2/€ + 1)4> = ZF ( (2k + 1) (2k)3(2k + 1)3

1 1
TREPRE I T @Rk £ 1)3> (164)

- 1 1 5 5
ZF(k)<(2k)5_(2k+1)5> - ZF ( PR+ R+ D)

1
) e

>
Il
—

- 1 1 x 6 15
;F(k) ((% 6 (2k+1)° > kle ( )(2k + 1)6 - (2k)2(2k + 1)6
20 15 6 1
TRRPRR T 1° T @RIk 10 | (2R)P(2k £ 108 T 2R)S 2k + 1)6>
(166)
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> 1 1 > 7 14 7
;F(k) ((2k)7 2k + 1)7) - ;F(k) ((2k:)4(2k +1)4 + (2k)5(2k +1)5 + (2k)6(2k +1)6

1
TRk + 1)7> (167)
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