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Polynomials arising from the Poisson ¢ function

The Poisson potential function appears in numerous applied math contexts, ranging
from mathematical physics to sharpening iPhone images. A simple 2-D instance is:

1 cos(mmx) cos(nmy)
¢2(X7}/):? Z m2 + n2
m,n odd

A 2013 study numerically discovered and then proved that when x and y are rational,
then ¢2(x, y) satisfies

1
$2(x,y) = —log (x, y),
where 3(x, y) is an algebraic number.

By computing high-precision numerical values of ¢2(x, y) for various specific rational x
and y, and applying an integer relation algorithm, we were able to produce the explicit
minimal polynomials for 3(x, y) in several simple specific cases.

» D. H. Bailey, J. M. Borwein, R. E. Crandall and J. Zucker, “Lattice sums arising from the Poisson
equation,” Journal of Physics A: Mathematical and Theoretical, vol. 46 (2013), 115201.
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A fast algorithm to compute ¢(x, y)
The original formula for ¢»(x,y) converges much too slowly for numerical evaluation.
But this formula, found by Jonathan Borwein (deceased 2016), is remarkably efficient:

02(z,q)04(z, q)
Galx.y) = 01(2, 9)0s(2,q) |

where g = €77 and z = T(y + ix), and where the complex theta functions are
computed using these rapidly convergent formulas:

(z,9) —22 q(2k—1) y'/4 sin((2k — 1)z),

(z,9) —2Zq2k 1°/4 cos ((2k — 1)z),

03(z,9) =1+2 Z el cos(2kz),
k=1

04( zq71+2z )kgk cos2kz)
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Using the multipair PSLQ algorithm to find minimal polynomials
Let X = (xx) be an (m + 1)-long real or complex vector. An integer relation algorithm
such as multipair PSLQ finds a nontrivial integer vector A = (ax) such that

aoxo +aix1+ -+ amxm = 0.

These computations typically require floating-point arithmetic with hundreds or
thousands of digits, or else the true relation will be lost in a sea of numerical artifacts.

To find the minimal polynomial of degree m of a computed real number «, apply an
integer relation algorithm to the m + 1-long vector (1, a,a?, ..., a™).

» D. H. Bailey and D. J. Broadhurst, “Parallel integer relation detection: Techniques and
applications,” Mathematics of Computation, vol. 70, no. 236 (Oct 2000), 1719-1736.

» D. H. Bailey, “The two-level multipair PSLQ algorithm,” manuscript, updated 17 Feb 2025,
https://www.davidhbailey.com/dhbpapers/pslqm2-alg.pdf.
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https://www.davidhbailey.com/dhbpapers/pslqm2-alg.pdf

Multipair PSLQ computer run for ¢)(1/13,1/13)
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2013: Some initial Poisson polynomial results

s Minimal polynomial of o = exp(8m¢a(x, y)):

5 1+52a — 2602 —12a3 + o

6 1—28a+6a°—28a3+ ot

7 —1 — 1960 + 130202 — 1475603 + 156730 + 42168a° — 11191600 + 8226407
—35231a8 + 19852a° — 2954010 — 308al! 4 7a!?

8 1 —88a + 9202 — 872a3 + 1990a* — 872a° + 920 — 88a” + af

9  —1-—534a + 1092302 — 342864a° + 2304684a* — 7820712a° + 137290680°
—22321584a" + 3977598608 — 444310440° + 19899882010 + 35465760
—84580200'? + 4009176013 — 273348a1* + 121392015
—11385a1% — 34217 + 3018

10 1 —216a 4+ 860a? — 74403 + 454a* — 744> + 86008 — 216a” + o

Questions:
1. Given s, what is the degree of the corresponding minimal polynomial?

2.

Note that when s is even, the polynomial is palindromic, i.e., coefficients
ax = am—k. Does this pattern hold for all even s?
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Kimberley's formula for the degree of the polynomial
Based on these preliminary results, Jason Kimberley of the University of Newcastle,
Australia observed that the degree m(s) of the minimal polynomial associated with the
case x =y = 1/s appears to be given by the following rule:

Set m(2) = 1/2. Otherwise for primes p congruent to 1 mod 4, set m(p) = int?(p/2),
where int denotes greatest integer, and for primes p congruent to 3 mod 4, set
m(p) = int (p/2)(int (p/2) + 1). Then for any other positive integer s whose prime

factorization is s = py'p5? - - - pgr,

D om
_,4r 1 II (ei— )
This was proven in 2016, as part of an extensive study using large-scale computations.

» D. H. Bailey, J. M. Borwein, J. Kimberley and W. Ladd, “Computer discovery and analysis of
large Poisson polynomials,” Experimental Mathematics, vol. 26 (27 Aug 2016), 349-363,
https://www.davidhbailey.com/dhbpapers/poisson-res.pdf
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192-degree minimal polynomial found by multipair PSLQ for x = y = 1/35

This distinctive semi-elliptical pattern is strong evidence that the result is correct.
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2025: Results for the Poisson 1) function
The 2013 study briefly mentioned the closely related function

1 cos(mmx) cos(mny)
Galxy) == D R

m,n even

Note this has even indices instead of odd. As with ¢(x, y), the authors found that
when x and y are rational, then

Yal.y) =~ log f(x.y)
for algebraic B(x,y).

A handful of results were given in the 2013 study, but progress has been stymied by an
unfortunate error in the fast formulas given in the paper for numerical evaluation.

Sadly, Borwein and Crandall have both passed away, and Zucker is not available.

» D. H. Bailey, J. M. Borwein, R. E. Crandall and J. Zucker, “Lattice sums arising from the Poisson

equation,” Journal of Physics A: Mathematical and Theoretical, vol. 46 (2013), 115201.
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Corrected fast formulas for the Poisson v function

DHB has been able to correct these fast formulas, which are as follows:

Yol y) = — - log [21(22) (VIA22) ~1)

where g = e ™, z=7m/2-(y + ix), Im(z) denotes imaginary part, and

05(z,q)
05(0,q)’

wu(z) = exp (—2 Im2(z)/7r) \Nz) =

The complex theta functions are computed using these rapidly convergent formulas:

03(z,q9) =1+2 Z qu cos(2kz),
k=1

04(z,q) =1+2 Z(_l)qu2 cos(2kz)
k=1
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Degree-36 minimal polynomial found for the case (x,y) = (1/13,1/13)
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Degree-32 minimal polynomial found for the case (x, y) = (1/24,9/24)
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Results for the Poisson v polynomials
DHB has successfully computed the minimal polynomials for 12(x, y) for the cases
(x,¥) =(p/s,q/s), where 1 < p < g < s/2 and gcd(p, q,s) =1, for 10 < s < 25 and
also for s = 26,28, 30, 32, 34, 36, 40, a total of 1017 cases.

These computations were roughly 100X more expensive than with ¢2(x, y) for
comparable cases. Some runs required up to 160,000-digit floating-point arithmetic.

Key findings:
1. The degrees satisfy a generalized Kimberley's rule (see next page).
2. For a given s, all the cases (x,y) = (p/s, p/s), where 1 < p < s/2 and
gcd(p, s) = 1, share the same minimal polynomial, even though the numerical
values are distinct.

For example, for s = 36, the minimal polynomials for the cases
(1,1),(5,5),(7,7),(11,11),(13,13),(17,17) are all identical. Note that this
represents a complete set of (p/36, p/36) with 1 < p < 18 and gecd(p, 36) = 1.
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A generalized Kimberley rule for the degrees of the ¢ polynomials

For the case (x,y) = (p/s,q/s), where 1 < p < g < s/2 and gcd(p, q,s) =1,
1. If s is even or odd, and p = g, then the degree is given by Kimberley's rule.

2. Otherwise if s is odd, then the degree is given by Kimberley's rule, except for a
few cases where the degree is half Kimberley's rule.

3. If s is even, and both p and g are odd, then the degree is given by Kimberley's
rule, except for a few cases where the degree is half Kimberley's rule.

4. If s is even, with one of p or g even and the other odd, then the degree is given
by twice Kimberley's rule, except for a few cases where the degree is equal to
Kimberley's rule.
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Conclusions
1. Corrected formulas have been found that enable rapid high-precision numerical
values for 12(x, y), along the lines of earlier formulas for ¢2(x, y).
2. Polynomials were computed for a total of 1017 cases.

3. These computations were roughly 100X more expensive, and required much higher
numeric precision (up to 160,000 digits), compared with similar ¢2(x, y) runs.

4. A generalized Kimberley's formula appears to hold for the degrees in all cases,
although no proof is yet known.

5. For a given s, many cases share the same minimal polynomial even though the
numerical values are distinct.

This talk is available here:
https://www.davidhbailey.com/dhbtalks/dhb-wcnt-2025a.pdf.

The technical paper is available here:
https://www.davidhbailey.com/dhbpapers/poisson-psi.pdf.
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