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Euler sums
Euler sums are infinite series that involve the classical harmonic function

Hk)=1+1/24+1/3+---+1/k
These sums arise in mathematical physics, in the study of the Riemann hypothesis and
in numerous other contexts.
Earlier studies, from Euler to the past few years, have found that many of these sums
have elegant closed-form evaluations in terms of 7 and the Riemann zeta function:
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New results for Euler sums
Consider a general class of mixed-denominator Euler sums:

M r) — )
(m,n07n17n27 7”) ;kno(k+1)n1(k+2)n2(k_'_t—)n,

where m+ ng + - - - + n, is the order.

Key results:
1. Constants of order < 12 have closed-form evaluations in terms of zetas.
2. Practical computational techniques to obtain these formulas.
3. A catalog of over 1000 formulas found with these techniques.
4. Recent results (December 2025) on an even more general class.

These papers have details:

» R.C. McPhedran and D.H. Bailey, “New results for Euler sums,” arXiv:2311.06294, 19 Jul 2025,
https://www.davidhbailey.com/dhbpapers/NewEulerSums.pdf.

» D.H. Bailey and R.C. McPhedran, “General formulas for a large class of Euler sums,” 5 Dec
2025, https://www.davidhbailey.com/dhbpapers/General-formula.pdf
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Theorem on mixed Euler sums

Theorem 1: If the order of a mixed Euler sum is 12 or less, then it is expressible as a
rational linear sum of terms chosen from the following list of “atomic” constants:

Constants for order 3: 1, ¢(2), ¢(3)

Additional constant for order 4: ((4)

Additional constants for order 5: ¢(5), ¢(2)¢(3)

Additional constants for order 6: ¢(6), ¢(3)?

Additional constants for order 7: ((7), ¢(2)¢(5), ¢(3)¢(4)

Additional constants for order 8: ¢(8), ¢(2)¢(3)?, ¢(3)¢(5), M(2,6)

Additional constants for order 9: ((9), ((2)¢(7), ((3)((6) ¢(4)¢(5), ¢(3)°
Additional constants for order 10: ¢(10), ¢(3)¢(7), C(3)¢C(4), ¢(2)¢(3)<(5), ¢(5),

¢(2), M(2,6), M(2,8)

Additional constants for order 11: ¢(11), ¢(2)¢(9), ¢(3)¢(8), ¢(4)¢(7), ¢(5)¢(6), ¢(2)¢(3)?,
¢(5)¢(3)%,¢(3)M(2,6), M(3,8)

Additional constants for order 12: ¢(12), ¢(3)¢(9), ¢(5)¢(7), ¢(2)¢(5)?, ¢(2)¢(3)¢(T),

¢(3)¢(4)¢(5), C(3)%¢(6), ¢(3)*, C(4)M(2,6), ((2)M(2,8), M(2,10), M(4,8)

Note that the above list includes M(2,6), M(2,8), M(3,8), M(2,10), M(4,8). We have not

been able to reduce these to any other known mathematical constants.
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Computing high-precision values of Euler sums

The Euler-Maclaurin formula approximates a sum as an integral with corrections:

N By; (D¥~1f(b) — D¥~1f(a))
;fg)_/a (t)dt + = ( (a) + £(b)) +Z ol

+ Rs(a, b),

where By is the k-th Bernoulli number, D¥f(a) is the k-th derivative of f(t) evaluated
at t = a, and Rs(a, b) is a bounded error term.

Applying this to the harmonic function H(t) = le 1/j yields the approximation

s

A B2
A~ vios) 4 3+ S

where ~y is Euler's constant. In our computations, we set s = 21, so this approximation
is good to within roughly t=#*. See paper for details.

» R.C. McPhedran and D.H. Bailey, “New results for Euler sums,” ArXiv:2311.06294, 19 Jul 2025,
https://www.davidhbailey.com/dhbpapers/NewEulerSums.pdf.
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Computing high-precision values of Euler sums, continued

Given a mixed Euler sum such as

LS HKT
M(m, n,p,q) = g kn(k +1)P(k 4 2)9’

1
denote G(t) = I:I(t)’"/(t”(t + 1)P(t +2)9). Using the Euler-Maclaurin formula again,

k )

(m,n,p,q :E:: w0+ 1 G+ 2)7 + EE: G

= j=k+1

k

HE)™ > 1, * ByD¥1G(k +1)
~ ___ + G(t)dt + =G(k+1) — ! - ;
2 TGP T o SO 3O D =2 T

where s = 21, which is accurate to within roughly k=%, We set k = 109, so this
approximation is correct to within roughly 1073%.

Computation: The first three terms were computed using DHB's multiprecision
software, with 400-digit arithmetic; the fourth was computed using Mathematica.
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Using an integer relation algorithm to find Euler sum formulas

With 400-digit values of Euler sums and the atomic constants, we used the multipair

PSLQ integer relation algorithm to find the formulas, as in this example:
0 T T T T T

_50 |- .
—100 - =

—150 |- =
—200 .
—250 |- =
—300 - =
—350 |- =

log1o min; |yi|

—400 - .

50 100 150 200 250 300

Resulting formula: Iteration

S - % (84¢(2) — 108C(3) — 5(4) — 48C(5) + 24C(2)C(3) — 9C(6) + 6C(3)? — 12¢(7) + AC2)C(5) + 4C(3)(4))
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Brief selection of more than 1000 formulas produced by the program

> K3(k + 1)

H(k)

H(k)?

(60¢(2) — 80¢(3) — ¢(4) — 24¢(5) + 12¢(2)¢(3) — 3¢(6) +2¢(3)?)

-b\l—‘

% (—144¢(3) + 144¢(4) — 48¢(5) + 32¢(2)¢(3) + 37¢(6) — 24¢(3)* — 16¢(7)

+16¢(2)¢(5) — 8C(3)¢(4) — 28((8) + 16¢(3)¢(5) + 8M(2,6))

S = —— (78 +42¢(2) + 102¢(3) — 339¢(4) + 420((5) — 120¢(2)¢(3) — 776¢(6)

~ 1536
+384¢(3)? + 1728¢(7) — 288¢(2)¢(5) — 720¢(3)C(4) — 384M(2,6) + 3520((9)
—1344¢(3)¢(6) — 960¢(4)C(5) — 384¢(2)¢(7) + 128¢(3)*)

= (480 4 720¢(2) + 1200¢(3) — 396¢(4) — 2160¢(5)

—288¢(2)¢(3) — 396¢(6) + 384¢(3)% — 1071¢(7) — 288¢(2)¢(5)

+1188((3)¢(4) — 43¢(8) — 120¢(2)¢(3)? + 288¢(3)¢(5) — 24M(2, 6) — 394¢(9)
+222¢(3)¢(6) + 396¢(4)¢(5) — 144¢(2)¢(7) — 48¢(3)%)
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Euler sums with H(2k) and more complicated denominators

H(2k ! 3
Z By~ 6t 352KO)
i = 2¢(3) — 20108(2))? - 2 10g(2)¢(2)
o (2k + 4 2
>3 ’({2,(:1 55 = —5(0) + (08(2)) — 32 + 3 og(2)C(2)

k=1

D et = g (54 219 1/3) + 0(0.1/3)6(1,1/3) — 0(2.4/3)
k

Here H(k) = H(2k) — H(k), - is Euler's constant and 1(n, z) denotes the polygamma
function: v (n, z) = D" (x).

The last formula above, among others, suggests that the polygamma function may be
a fundamental basis for analyzing Euler sums. This led to the following results.
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November 2025: A general formula for a large class of Euler sums

Conjecture 1: Let Q(k,p) =1/2if piis odd and k = (p — 1)/2, and 1 otherwise. Then
for integers m > 1, nonzero n not a multiple of —m and p > 2,

Z H(k 1 5 (mP+ p! + (=1)P2nP(~ + (0, n/m))(p — 1,n/m)

k:l (mk + n)P 2mPnP(p - n
L(p—1)/2] 1
e S QU (" ) )w(k, n/my(p —1— k,n/m) — (~=1)PnPe(p, 1 + n/m)
k=1

We found this via a combination of Mathematica, the Online Encyclopedia of Integer
Sequences and high-precision computation.

We do not yet have a proof, but we have confirmed it to nearly 300-digit precision in
several hundred cases.
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Sample of formulas found using Conjecture 1

>e fg_k)m = & ($0,1/27 — 7(2,1/2) — 0(0,1/2)u/(2,1/2)

k=1

D e = 75 27+ E1(L2/3) + 8(0.2/3)0(1.2/3) — 40(25/3)

k=1

~ H(K) 1 2

D s = 35 (1536 — 20(0L1/4)° — 276(2,1/4) ~ 26(0.1/4)0(2.1/4) + ¥(3.5/4)
k=1

Z & S-k)2)2 = ﬁ (125 + 8y1(1, 2/5) + 815(0,2/5)(1, 2/5) — 4(2,7/5))

k=1

]

Z (5175—1(3;)3 = Wloo (1875 — 2561(1,4/5)% — 256795(2,4/5) — 2561(0,4/5)1(2,4/5) + 128(3,9/5))
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December 2025: Mixed-denominator Euler sums
Conjecture 2: Given a “"mixed"” Euler sum of the form

- H(k)

G ryllry Pr) =— )
(m17n1ap17 ,Me, N p) ;(m1k+n1)P1(m2k+n2)P2...(mrk+nr)Pr

let S(m, n, p) be the formula from Conjecture 1 for p > 2, and, for the case p =1,

S(m,n,1) = ﬁ (m* — 2n?41p(0, n/m) — n*y(0, n/m)* + n*¢(1,1+ n/m))

Let C;; be the coefficients of a partial fraction expansion of the summand, without
H(k). Then Conjecture 2 asserts that

r Pj

G(m17 n,pi,---,M, ”r,Pr) = ZZ Ci,js(mja nj, i)

j=1 i=1

Again, we do not yet have proof for this assertion, but we have confirmed it
numerically, using 300-digit precision, in hundreds of cases.
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lllustration of Conjecture 2

oo

3 H(k)
L 2k +1P(3k + 1)
Partial fraction expansion:
1 108 24 4 162 27

kT 1P(Bkr1)2 2k+1  (2k+172 T (2k+ 17 3k+l @ (kt1p

By Conjectures 1 and 2,
5(2,1,1) = % (4 = 2y9(0,1/2) — 9(0,1/2)* +1(1,3/2))
5(2,1,2) = g (16 + 299(1,1/2) + 26(0,1/2)(1,1/2) ~ (2,3/2)

5(2,1,3) = 3i (96 — 2y9(2,1/2) — 216(0,1/2)16(2,1/2) — 215(1,1/2)* + 1(3,3/2))

5(37 1, l) 5 (9 - 271/)(0 1/3) 1,[1(0, 1/3)2 + w(l,4/3))
S(3,1,2) = i(54+2w(1 1/3) + 20(0,1/3)0(1, 1/3) — (2, 4/3))
Thus 18
kz:; T 1")’3((1‘3)1( 1y = 108 S(2,1,1) +245(2,1,2) +45(2,1,3) — 162 5(3,1,1) + 27 5(3,1,2)
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Sample of formulas found using Conjecture 2

Z oD — 3 (5 21012+ 0(0.1/27 ~290(0.1/3) = 0(0.1/2) ~ (L. 3/2) + 6(1,4/3)
=1

- H(K) 1 2 2

Z GETOGETIY = (475 — 2474(0,2/3) — 1245(0,2/3)? + 2474(0,1/4) + 1245(0, 1/4)

k=1

+10v%(1,1/4) 4+ 10¢(0, 1/4)(1,1/4) + 12¢(1,5/3) — 12¢6(1,5/4) — 5¢(2,5/4))

oo

H(k)

— (2k +1)(5k +3)3 2700 (
—10807%(1,3/5) — 1080¢(0,3/5)1(1,3/5) + 54¢(1,3/5)% + 54~(2,3/5)

+541(0,3/5)4(2,3/5) + 5400¢(1, 3/2) — 5400¢(1,8/5) + 540¢(2, 8/5) — 274(3,8/5))

350 — 10800~%(0, 1/2) — 5400t(0, 1/2)? + 10800+15(0, 3/5) + 5400%(0, 3/5)>

= 1
; o 3)3 5k T (2 + 320074(0, 3/4) + 16004:(0, 3/4)* — 16004:(1, 7/4) — 24074(1, 3/4)
—2400(0, 3/4)0(1, 3/4) + 1200(2,7/4) + 6v4(2, 3/4) + 69(0, 3/4)%(2, 3/4)
169(1,3/4)1(1,3/4) — 3¢(3,7/4) — 320074(0, 3/5) — 16004(0, 3/5)% + 16004(1,8/5)
—2407(1,3/5) — 2400(0, 3/5)¢(1, 3/5) + 1204(2,8/5) — 673(2, 3/5)
—61(0,3/5)1(2,3/5) — 64(1,3/5)(1,3/5) + 3%(3,8/5))
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Summary

Conjecture 3: Any Euler sum of the form Y72 ; H(k)/P(k), where P(k) is any
polynomial of degree two or greater with integer coefficients and no zeros at positive
integers, has a closed-form evaluation in terms of polygammas.

We believe this may be true, based on initial experimental evidence, but more
investigation is needed. Example:

Z p fgi — 2\[ (3V5 +299(0, (3 + v/5)/2) + (0, (3 + v/5)/2)* — 293(0, (3 — V/5)

~1(0,(3 — V5)/2)* +4(1,(5 ~ v5)/2) — ¥(1,(5 + V5)/2))

This talk is available here:
https://www.davidhbailey.com/dhbtalks/dhb-wcnt-2025b.pdf

Technical papers with the above results are available here:
https://www.davidhbailey.com/dhbpapers/NewEulerSums.pdf
https://www.davidhbailey.com/dhbpapers/General-formula.pdf
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